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a b s t r a c t
The aim of this paper is to introduce the notions of interval valued (∈,∈ ∨q)-fuzzy Boolean
(implicative, positive implicative and fantastic) filters in BL-algebras and to investigate
some related properties. Some characterizations of these generalized fuzzy filters are
derived. Finally, the relations among these generalized fuzzy filters are discussed. It is
proved that an interval valued (∈,∈ ∨q)-fuzzy filter in BL-algebras is an interval valued
(∈,∈ ∨q)-fuzzy Boolean (implicative) filter if and only if it is both an interval valued
(∈,∈ ∨q)-fuzzy positive implicative filter and an interval valued (∈,∈ ∨q)-fuzzy fantastic
filter.
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1. Introduction
BL-algebras are the algebraic structures for Hájek’s Basic Logic [1]. The main example of a BL-algebra is the interval [0,
1] endowed with the structure induced by a continuous t-norm. MV-algebras, introduced by Chang [2] in 1958, are one of
the most known classes of BL-algebras. In order to investigate the logic system whose semantic truth-value is given in a
lattice, Xu [3] proposed the concept of lattice implication algebras, and studied the properties of filters in such algebras
in [4]. Wang [5] proved that lattice implication algebras are categorically equivalent toMV-algebras. Furthermore, Wang [6]
introduced the concept of R0-algebras in order to provide an algebraic proof of the completeness theorem of a formal
deductive system [7]. It is well known thatMV-algebras, Gödel algebras and Product algebras are themost known class of BL-
algebras. Filters theory play an important role in studying these logical algebras. From the logical point of view, various filters
correspond to various sets of provable formulae. Hájek [1] introduced the concepts of filters and prime filters in BL-algebras.
Using prime filters of BL-algebras, Hájek proved the completeness of Basic Logic BL. Turunen [8–11] studied some properties
of the prime filters in BL-algebras. Haveshki et al. [12] further discussed some types of filters in BL-algebras. Kondo [13] also
discussed the properties of filters of BL-algebras.
The theory of fuzzy sets which was introduced by Zadeh [14] has been applied to many research areas. In 2005, Liu
and Li [15,16] introduced the concepts of fuzzy filters, fuzzy Boolean (implicative) and fuzzy positive implicative filters
in BL-algebras and obtained some important properties of these fuzzy filters. Zhang et al. [17] introduced the concepts of
fuzzy ultra filters and fuzzy obstinate filters in BL-algebras and gave some equivalent conditions among these filters. Among
many theories, Zadeh [18] also introduced the concept of interval valued fuzzy subset, where the values of the membership
functions are intervals of numbers instead of the numbers. Biswas [19] defined interval valued fuzzy subgroups of the same
nature of Rosenfeld’s fuzzy subgroups. A new type of fuzzy subgroup (viz, (∈,∈ ∨q)-fuzzy subgroup) was introduced in
an earlier paper of Bhakat and Das [20,21] by using the combined notions of “belongingness ” and “quasi-coincidence” of
fuzzy points and fuzzy sets, which was introduced by Pu and Liu [22]. In fact, (∈,∈ ∨q)-fuzzy subgroup is an important and
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useful generalization of Rosenfeld’s fuzzy subgroup. Davvaz [23] applied this theory to near-rings and obtained some useful
results. Zhan et al. [24] also discussed the properties of interval valued (∈,∈ ∨q)-fuzzy hyperideals in hypernear-rings.
Recently, Ma et al. [25] introduced the concept of interval valued (∈,∈ ∨q)-fuzzy filters in BL-algebras and discussed
some properties. As a continuative work in [25], in this paper, we introduce the notions of interval valued (∈,∈ ∨q)-fuzzy
Boolean (implicative, positive implicative and fantastic) filters in BL-algebras and investigate some related properties. Some
characterizations of these generalized fuzzy filters are derived. Finally, we discuss the relations among these generalized
fuzzy filters and prove that an interval valued (∈,∈ ∨q)-fuzzy filter in BL-algebras is Boolean (implicative) if and only if it is
both positive implicative and fantastic.
2. Preliminaries
By a BL-algebra we mean a bounded lattice L = (L,≤,∧,∨,,→, 0, 1) such that
(i) (L,, 1) is a commutative monoid,
(ii) and→ form an adjoin pair, i.e., z ≤ x → y if and only if x z ≤ y for all x, y, z ∈ L,
(iii) x ∧ y = x (x → y),
(iv) (x → y) ∨ (y → x) = 1.
In any BL-algebra L, the following are true (see [26–29]):
(1) x ≤ y ⇔ x → y = 1,
(2) x → (y → z) = (x y) → z = y → (x → z),
(3) x y ≤ x ∧ y,
(4) x → y ≤ (z → x) → (z → y), x → y ≤ (y → z) → (x → z).
(5) x → x′ = x′′ → x,
(6) x ∨ x′ = 1⇒ x ∧ x′ = 0,
(7) x ∨ y = ((x → y) → y) ∧ ((y → x) → x),
where x′ = x → 0.
A non-empty subset A of a BL-algebra L is called a filter of L if it satisfies: (i) 1 ∈ A, (ii) ∀x ∈ A, y ∈ L, x → y ∈ A ⇒ y ∈ A.
It is easy to check that a non-empty subset A of a BL-algebra L is a filter of L if and only if it satisfies: (i) ∀x, y ∈ L, x y ∈ A,
(ii) ∀x ∈ A, x ≤ y ⇒ y ∈ A. A filter A of a BL-algebra L is called an implicative filter of L if it satisfies: x → (z′ → y) ∈ A, y →
z ∈ A ⇒ x → z ∈ A. A filter A of a BL-algebra L is called a Boolean filter of L if x∨ x′ ∈ A, for all x ∈ L. A filter A of a BL-algebra L
is called a positive implicative filter of L if it satisfies: x → (y → z) ∈ A, x → y ∈ A ⇒ x → z ∈ A (see [9,16]). A filter A of a
BL-algebra L is called a fantastic filter of L if it satisfies: z → (y → x) ∈ A, z ∈ A ⇒ ((x → y) → y) → x ∈ A(see [12]).
We now review some fuzzy logic concepts. A fuzzy set F of X is a function F : X → [0, 1].
Definition 2.1 ([15]). A fuzzy set F of a BL-algebra L is called a fuzzy filter of L if it satisfies:
(1) ∀x, y ∈ L, F(x y) ≥ min{F(x), F(y)},
(2) F is order-preserving, that is, ∀x, y ∈ L, x ≤ y ⇒ F(x) ≤ F(y).
Definition 2.2 ([16]). A fuzzy filter F of L is called a fuzzy Boolean filter of L if it satisfies:
(3) ∀x ∈ L, F(x ∨ x′) = 1.
Definition 2.3 ([16]). A fuzzy filter F of L is called a fuzzy implicative filter of L if it satisfies:
(4) F(x → z) ≥ min{F(x → (z′ → y)), F(y → z)}, for all x, y, z ∈ L.
Theorem 2.4 ([16]). A fuzzy set F of any BL-algebra is a fuzzy Boolean filter if and only if it is a fuzzy implicative filter.
A fuzzy set F of a BL-algebra L of the form
F(y) =
{
t(6= 0) if y = x,
0 if y 6= x.
is said to be a fuzzy point with support x and value t and is denoted by U(x; t). A fuzzy point U(x; t) is said to belong to (resp.
be quasi-coincident with) a fuzzy set F, written as U(x; t) ∈ F (resp. U(x; t)qF) if F(x) ≥ t(resp.F(x) + t > 1). If U(x; t) ∈ F
or (resp. and) U(x; t)qF, then we write U(x; t) ∈ ∨q(resp. ∈ ∧q) F. The symbol ∈ ∨q means ∈ ∨q does not hold. Using the
notion of “belongingness (∈)” and “quasi-coincidence (q)” of fuzzy points with fuzzy subsets, the concept of (α,β)-fuzzy
subsemigroup, where α and β are any two of {∈, q,∈ ∨q,∈ ∧q}with α 6=∈ ∧q, was introduced in [21]. It is noteworthy that
the most viable generalization of Rosenfeld’s fuzzy subgroup is the notion of (∈,∈ ∨q)-fuzzy subgroup. The detailed study
with (∈,∈ ∨q)-fuzzy subgroup has been considered in [20].
By an interval a˜ we mean (cf. [18,19]) an interval [a−, a+], where 0 ≤ a− ≤ a+ ≤ 1. The set of all intervals is denoted by
D[0, 1]. The interval [a, a] is identified with the number a ∈ [0, 1].
For interval a˜i = [a−i , a+i ] ∈ D[0, 1], b˜i = [b−i , b+i ] ∈ D[0, 1],i ∈ I, we define
rmax{˜ai, b˜i} = [max(a−i , b−i ),max(a+i , b+i )],
rmin{˜ai, b˜i} = [min(a−i , b−i ),min(a+i , b+i )],
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rinf a˜i = [∧i∈I a−i ,∧i∈I a+i ],
rsup˜ai = [∨i∈I a−i ,∨i∈I a+i ],
and put
(1) a˜1 ≤ a˜2 ⇐⇒ a−1 ≤ a−2 and a+1 ≤ a+2 ,
(2) a˜1 = a˜2 ⇐⇒ a−1 = a−2 and a+1 = a+2 ,
(3) a˜1 < a˜2 ⇐⇒ a˜1 ≤ a˜2 and a˜1 6= a˜2,
(4) k˜a = [ka−, ka+], whenever 0 ≤ k ≤ 1.
It is clear that (D[0, 1],≤,∨,∧) is a complete lattice with 0 = [0, 0] as the least element and 1 = [1, 1] as the greatest
element.
By an interval valued fuzzy set F on X we mean (cf. [18]) the set
F = {(x, [µ−F (x),µ+F (x)]) | x ∈ X},
where µ−F and µ
+
F are two fuzzy subsets of X such that µ
−
F (x) ≤ µ+F (x) for all x ∈ X. Putting µ˜F(x) = [µ−F (x),µ+F (x)], we see
that F = {(x, µ˜F(x)) | x ∈ X}, where µ˜F : X → D[0, 1].
Based on the above kinds of fuzzy filters of BL-algebras, we can introduce the following concepts:
Definition 2.5. An interval valued fuzzy set F of a BL-algebra L is called an interval valued fuzzy filter of L if it satisfies:
(5) ∀x, y ∈ L, µ˜F(x y) ≥ rmin{µ˜F(x), µ˜F(y)},
(6) ∀x, y ∈ L, x ≤ y ⇒ µ˜F(x) ≤ µ˜F(y).
Definition 2.6. An interval valued fuzzy filter F of L is called an interval valued fuzzy Boolean filter of L if it satisfies:
(7) ∀x ∈ L, µ˜F(x ∨ x′) = [1, 1].
Definition 2.7. An interval valued fuzzy filter F of L is called an interval valued fuzzy implicative filter of L if it satisfies:
(8) µ˜F(x → z) ≥ rmin{µ˜F(x → (z′ → y)), µ˜F(y → z)}, for all x, y, z ∈ L.
Theorem 2.8. An interval valued fuzzy set of any BL-algebra is an interval valued fuzzy Boolean filter if and only if it is an interval
valued fuzzy implicative filter.
Proof. It is similar to the proof of Theorem 2.4. 
3. Interval valued (∈,∈ ∨q)-fuzzy Boolean filters
Based on [20,21], we extend the concept of quasi-coincidence of fuzzy point with a fuzzy set to the concept of quasi-
coincidence of a fuzzy interval value with an interval valued fuzzy set as follows.
An interval valued fuzzy set F of a BL-algebra L of the form
µ˜F(y) =
{˜
t(6= [0, 0]) if y = x,
[0, 0] if y 6= x.
is said to be fuzzy interval valuewith support x and interval value t˜ and is denoted by U(x; t˜). A fuzzy interval value U(x; t˜)
is said to belong to (resp. be quasi-coincident with) an interval valued fuzzy set F, written as U(x; t˜) ∈ F(resp.U(x; t˜)qF) if
µ˜F(x) ≥ t˜(resp.µ˜F(x)+ t˜ > [1, 1]). If U(x; t˜) ∈ F or (resp. and) U(x; t˜)qF, then we write U(x; t˜) ∈ ∨q(resp. ∈ ∧q) F. The symbol
∈ ∨qmeans ∈ ∨q does not hold.
In what follows, let L be a BL-algebra unless otherwise specified. Also we emphasize µ˜F(x) = [µ−F (x),µ+F (x)]must satisfy
the following properties:
(1) Any two elements of D[0, 1] are comparable;
(2) [µ−F (x),µ+F (x)] ≤ [0.5, 0.5] or [0.5, 0.5] < [µ−F (x),µ+F (x)], for all x ∈ L.
Definition 3.1 ([25]). An interval valued fuzzy set F of L is said to be an interval valued (∈,∈ ∨q)-fuzzy filter of L if for all
t, r ∈ (0, 1] and x, y ∈ L,
(F1) U(x; t˜) ∈ F and U(y; r˜) ∈ F imply U(x y; rmin{˜t, r˜}) ∈ ∨qF,
(F2) U(x; r˜) ∈ F implies U(y; r˜) ∈ ∨qF with x ≤ y.
Theorem 3.2. The conditions (F1) and (F2) in Definition 3.1, are equivalent to the following conditions respectively:
(F3) µ˜F(x y) ≥ rmin{µ˜F(x), µ˜F(y), [0.5, 0.5]}, for all x, y ∈ L,
(F4) ∀x, y ∈ L, x ≤ y ⇒ µ˜F(y) ≥ rmin{µ˜F(x), [0.5, 0.5]}.
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Proof. (F1)H⇒ (F3): Suppose that x, y ∈ L, we consider the following cases:
(a) rmin{µ˜F(x), µ˜F(y)} ≤ [0.5, 0.5],
(b) rmin{µ˜F(x), µ˜F(y)} > [0.5, 0.5].
Case (a): Assume that µ˜F(x y) < rmin{µ˜F(x), µ˜F(y), [0.5, 0.5]}, which implies µ˜F(x y) < rmin{µ˜F(x), µ˜F(y)}. Choose
t such that µ˜F(x y) < t˜ < rmin{µ˜F(x), µ˜F(y)}. Then U(x; t˜) ∈ F and U(y; t˜) ∈ F, but U(x y; t˜)∈ ∨qF, which contradicts (F1).
Case (b): Assume that µ˜F(xy) < [0.5, 0.5], thenU(x; [0.5, 0.5]) ∈ F andU(y; [0.5, 0.5]) ∈ F, butU(xy; [0.5, 0.5])∈ ∨qF,
a contradiction. Hence (F3) holds.
(F2)H⇒ (F4): Suppose that x, y ∈ L, we consider the following two cases:
(a) µ˜F(x) ≤ [0.5, 0.5],
(b) µ˜F(x) > [0.5, 0.5].
Case (a): Let x ≤ y. Assume that µ˜F(x) = t˜ < [0.5, 0.5] and µ˜F(y) = r˜ < µ˜F(x). Choose s such that r˜ < s˜ < t˜ and
r˜ + s˜ < [1, 1]. Then U(y; s˜) ∈ F, but U(x; s˜)∈ ∨qF, which contradicts (F2). So µ˜F(y) ≥ rmin{µ˜F(x), [0.5, 0.5]}.
Case (b): Let x ≤ y and µ˜F(x) ≥ [0.5, 0.5]. If µ˜F(y) < rmin{µ˜F(x), [0.5, 0.5]}, then U(y; [0.5, 0.5]) ∈ F, but
U(y; [0.5, 0.5])∈ ∨qF, which contradicts (F2). Hence (F4) holds.
(F3)H⇒(F1): Let U(x; t˜) ∈ F and U(y; r˜) ∈ F, then µ˜F(x) ≥ t˜ and µ˜F(y) ≥ r˜. Now, we have
µ˜F(x y) ≥ rmin{µ˜F(x), µ˜F(y), [0.5, 0.5]} ≥ rmin{˜t, r˜, [0.5, 0.5]}.
If rmin{˜t, r˜} > [0.5, 0.5], then µ˜F(xy) ≥ [0.5, 0.5], which implies µ˜F(xy)+rmin{˜t, r˜} > [1, 1]. If rmin{˜t, r˜} ≤ [0.5, 0.5],
then µ˜F(x y) ≥ rmin{˜t, r˜}. Therefore U(x y; rmin{˜t, r˜}) ∈ ∨qF.
(F4)H⇒(F2): Let x ≤ y. Suppose that U(x; t˜) ∈ F, then µ˜F(x) ≥ t˜, and so µ˜F(y) ≥ rmin{µ˜F(x), [0.5, 0.5]} ≥
rmin{˜t, [0.5, 0.5]}, which implies µ˜F(y) ≥ t˜ or µ˜F(y) ≥ [0.5, 0.5] according as t˜ ≤ [0.5, 0.5] or t˜ > [0.5, 0.5]. Therefore
U(y; t˜) ∈ ∨qF. 
Remark 3.3. (i) Every interval valued fuzzy filter of L is an interval valued (∈,∈ ∨q)-fuzzy filter; the converse may not be
true;
(ii) If F is an interval valued (∈,∈ ∨q)-fuzzy filter of Lwith µ˜F(1) < [0.5, 0.5], then F is an interval valued fuzzy filter.
Theorem 3.4. An interval valued fuzzy set F of L is an interval valued (∈,∈ ∨q)-fuzzy filter of L if and only if it satisfies:
(F5) ∀x ∈ L, µ˜F(1) ≥ rmin{µ˜F(x), [0.5, 0.5]},
(F6) ∀x, y ∈ L, µ˜F(y) ≥ rmin{µ˜F(x), µ˜F(x → y), [0.5, 0.5]}.
Proof. Assume that F satisfies the conditions (F5) and (F6). Let x, y ∈ L be such that x ≤ y. Then x → y = 1, and so
µ˜F(y) ≥ rmin{µ˜F(x), µ˜F(1), [0.5, 0.5]} = rmin{µ˜F(x), [0.5, 0.5]}, which proves (F4).
Since x → (y → (x y)) = (x y) → (x y) = 1, it follows from (F5) and (F6) that
µ˜F(x y) ≥ rmin{µ˜F(y), µ˜F(y → (x y)), [0.5, 0.5]}
≥ rmin{µ˜F(y), rmin{µ˜F(x), µ˜F(x → (y → (x y))), [0.5, 0.5]}}
= rmin{µ˜F(y), rmin{µ˜F(x), µ˜F(1), [0.5, 0.5]}, [0.5, 0.5]}
= rmin{µ˜F(y), µ˜F(x), [0.5, 0.5]},
which proves (F3).
Hence F is an interval valued (∈,∈ ∨q)-fuzzy filter of L.
Conversely, assume that F is an interval valued (∈,∈ ∨q)-fuzzy filter of L. Since x ≤ 1 for all x ∈ L, it follows (F4) that
µ˜F(1) ≥ rmin{µ˜F(x), [0.5, 0.5]}, for all x ∈ L. Let x, y ∈ L. Since x ≤ (x → y) → y, we have x  (x → y) ≤ y, by the Galois
correspondence. Hence
µ˜F(y) ≥ rmin{µ˜F(x (x → y)), [0.5, 0.5]} ≥ rmin{µ˜F(x), µ˜F(x → y), [0.5, 0.5]}.
This completes the proof. 
Definition 3.5. An interval valued (∈,∈ ∨q)-fuzzy filter of L is called an interval valued (∈,∈ ∨q)-fuzzy Boolean filter of L
if it satisfies:
(F7) ∀x ∈ L, µ˜F(x ∨ x′) ≥ [0.5, 0.5].
Clearly, every interval valued fuzzy Boolean filter of L is an interval valued (∈,∈ ∨q)-fuzzy Boolean filter.
Example 3.6. Let L = {0, a, b, 1} be a chain with Cayley table as follows:
 0 a b 1
0 0 0 0 0
a 0 a a a
b 0 a a b
1 0 a b 1
→ 0 a b 1
0 1 1 1 1
a 0 1 1 1
b 0 b 1 1
1 0 a b 1
Define ∧ and ∨ operations on L as min and max, respectively. Then (L,∧,∨,,→, 0, 1) is a BL-algebra. Define an interval
valued fuzzy set F in L by µ˜F(0) = [0.3, 0.4], µ˜F(1) = µ˜F(b) = µ˜F(a) = [0.7, 0.8]. One can easily verify that F is an interval
valued (∈,∈ ∨q)-fuzzy Boolean filter of L.
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Let F be an interval valued fuzzy set. For every t ∈ (0, 1], the set U(F; t˜) = {x ∈ L|µ˜F(x) ≥ t˜} is called the level subset
of F.
By their level Boolean filters of BL-algebras, we characterize interval valued (∈,∈ ∨q)-fuzzy Boolean filters as follows:
Lemma 3.7. Let F be an interval valued (∈,∈ ∨q)-fuzzy filter of L. Then for all [0, 0] < t˜ ≤ [0.5, 0.5], U(F; t˜) is an empty set or
a filter of L. Conversely, if F is an interval valued fuzzy set of L such that U(F; t˜)(6= ∅) is a filter of L for all [0, 0] < t˜ ≤ [0.5, 0.5],
then F is an interval valued (∈,∈ ∨q)-fuzzy filter of L.
Proof. Let F be an interval valued (∈,∈ ∨q)-fuzzy filter of L and [0, 0] < t˜ ≤ [0.5, 0.5]. Let x, y ∈ U(F; t˜), then µ˜F(x) ≥ t˜ and
µ˜F(y) ≥ t˜. Now we have
µ˜F(x y) ≥ rmin{µ˜F(x), µ˜F(y), [0.5, 0.5]} ≥ rmin{˜t, [0.5, 0.5]} = t˜.
which implies, x y ∈ U(F; t˜). Let x, y ∈ L be such that x ≤ y. If x ∈ U(F; t˜), then by (F3), we have
µ˜F(y) ≥ rmin{µ˜F(x), [0.5, 0.5]} ≥ rmin{˜t, [0.5, 0.5]} = t˜,
which implies y ∈ U(F; t˜). Hence U(F; t˜) is a filter of L.
Conversely, let F be an interval valued fuzzy set of L such that U(F; t˜)(6= ∅) is a filter of L for all [0, 0] < t˜ ≤ [0.5, 0.5]. For
every x, y ∈ L, we can write
µ˜F(x) ≥ rmin{µ˜F(x), µ˜F(y), [0.5, 0.5]} = t˜0,
µ˜F(y) ≥ rmin{µ˜F(x), µ˜F(y), [0.5, 0.5]} = t˜0,
then x, y ∈ U(F; t˜0), and so x y ∈ U(F; t˜0). Hence
µ˜F(x y) ≥ rmin{µ˜F(x), µ˜F(y), [0.5, 0.5]}.
Also, let x, y ∈ L be such that x ≤ y.
Putting µ˜F(x) ≥ rmin{µ˜F(y), [0.5, 0.5]} = s˜0. Hence x ∈ U(F; s˜0), and so y ∈ U(F; s˜0). Thus
µ˜F(y) ≥ s˜0 = rmin{µ˜F(x), [0.5, 0.5]}.
Therefore, F is an interval valued (∈,∈ ∨q)-fuzzy filter of L. 
Theorem 3.8. Let F be an interval valued (∈,∈ ∨q)-fuzzy Boolean filter of L. Then for all [0, 0] < t˜ ≤ [0.5, 0.5], U(F; t˜) is an
empty set or a Boolean filter of L. Conversely, if F is an interval valued fuzzy set of L such that U(F; t˜) (6=∅) is a Boolean filter of L
for all [0, 0] < t˜ ≤ [0.5, 0.5], then F is an interval valued (∈,∈ ∨q)-fuzzy Boolean filter of L.
Proof. Let F be an interval valued (∈,∈ ∨q)-fuzzy Boolean filter of L and [0, 0] < t˜ ≤ [0.5, 0.5]. By Lemma 3.7, we know that
U(F; t˜) is a filter of L. Since F is an interval valued (∈,∈ ∨q)-fuzzy Boolean filter of L, it follows that µ˜F(x∨x′) ≥ [0.5, 0.5] ≥ t˜,
and so x ∨ x′ ∈ U(F; t˜). Thus, U(F; t˜) is a Boolean filter of L.
Conversely, let F be an interval valued fuzzy set of L such that U(F; t˜)(6= ∅) is a Boolean filter of L for all [0, 0] < t˜ ≤
[0.5, 0.5]. Then by Lemma 3.7, we know that F is an interval valued (∈,∈ ∨q)-fuzzy filter of L. Since U(F; [0.5, 0.5]) is a
Boolean filter of L, then, for all x ∈ L, x ∨ x′ ∈ U(F; [0.5, 0.5]), i.e., µ˜F(x ∨ x′) ≥ [0.5, 0.5]. Therefore, F is an interval valued
(∈,∈ ∨q)-fuzzy Boolean filter of L. 
Naturally, a corresponding result should be considered when U(F; t˜) is a Boolean filter of L for all [0.5, 0.5] < t˜ ≤ [1, 1].
Now, we first give a Lemma as follows:
Lemma 3.9. Let F be an interval valued fuzzy set of L. Then U(F; t˜)(6= ∅) is a filter of L for all [0.5, 0.5] < t˜ ≤ [1, 1] if and only
if for all x, y ∈ L:
(F8) rmax{µ˜F(x y), [0.5, 0.5]} ≥ rmin{µ˜F(x), µ˜F(y)};
(F9) rmax{µ˜F(y), [0.5, 0.5]} ≥ µ˜F(x) with x ≤ y.
Proof. Assume that U(F; t˜)(6= ∅) is a filter of L. Suppose that for some x, y ∈ L, rmax{µ˜F(x  y), [0.5, 0.5]} <
rmin{µ˜F(x), µ˜F(y)} = t˜, then [0.5, 0.5] < t˜ ≤ [1, 1], µ˜F(x  y) < t˜, and x, y ∈ U(F; t˜). Since x, y ∈ U(F; t˜) and U(F; t˜) is
a filter of L, so x y ∈ U(F; t˜) or µ˜F(x y) ≥ t˜, which is a contradiction with µ˜F(x y) < t˜. Hence (F8) holds.
If there exist x, y ∈ L such that rmax{µ˜F(y), [0.5, 0.5]} < µ˜F(x) = t˜, then [0.5, 0.5] < t˜ ≤ [1, 1], µ˜F(y) < t˜ and x ∈ U(F; t˜).
Since x ∈ U(F; t˜), we have y ∈ U(F; t˜) or µ˜F(y) ≥ t, which is a contradiction. Hence (F9) holds.
Conversely, suppose that the conditions (F8) and (F9) hold. To prove U(F; t˜) is a filter of L. Assume that [0.5, 0.5] < t˜ ≤
[1, 1], x, y ∈ U(F; t˜). Then
[0.5, 0.5] < t˜ ≤ rmin{µ˜F(x), µ˜F(y)} ≤ rmax{µ˜F(x y), [0.5, 0.5]} = µ˜F(x y),
which implies, x y ∈ U(F; t˜). Let x ≤ y and x ∈ U(F; t˜), then
[0.5, 0.5] < t˜ ≤ µ˜F(x) ≤ rmax{µ˜F(y), [0.5, 0.5]} = µ˜F(y), and so y ∈ U(F; t˜). Therefore U(F; t˜) is a filter of L. 
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Theorem 3.10. Let F be an interval valued fuzzy set of L. Then U(F; t˜)(6= ∅) is a Boolean filter of L for all [0.5, 0.5] < t˜ ≤ [1, 1]
if and only if for all x, y ∈ L,
(F8) rmax{µ˜F(x y), [0.5, 0.5]} ≥ rmin{µ˜F(x), µ˜F(y)};
(F9) rmax{µ˜F(y), [0.5, 0.5]} ≥ µ˜F(x) with x ≤ y;
(F10) µ˜F(x ∨ x′) ≥ t˜.
Proof. Assume that U(F; t˜)(6= ∅) is a Boolean filter of L. It follows from Lemma 3.9 that (F8) and (F9) hold. Since U(F; t˜) is
Boolean, then, for all x ∈ L, x ∨ x′ ∈ U(F; t˜), that is, µ˜F(x ∨ x′) ≥ t˜. Thus (F10) holds.
Conversely, suppose that the conditions (F8), (F9) and (F10) hold. It follows from Lemma 3.9 that U(F; t˜) is a filter of L. By
(F10), for all x ∈ L, µ˜F(x ∨ x′) ≥ t˜, i.e., x ∨ x′ ∈ U(F; t˜). Thus U(F; t˜) is a Boolean filter of L. 
Based on [16], we introduce the concept of interval valued (∈,∈ ∨q)-fuzzy implicative filters in BL-algebras as follows:
Definition 3.11. An interval valued (∈,∈ ∨q)-fuzzy filter of L is called an interval valued (∈,∈ ∨q)-fuzzy implicative filter
of L if it satisfies:
(F11) µ˜F(x → z) ≥ rmin{µ˜F(x → (z′ → y)), µ˜F(y → z), [0.5, 0.5]}, for all x, y, z ∈ L.
Remark 3.12. (i) Every interval valued fuzzy implicative filter of L is an interval valued (∈,∈ ∨q)-fuzzy implicative filter;
(ii) If F is an interval valued (∈,∈ ∨q)-fuzzy implicative filter of L with µ˜F(1) < [0.5, 0.5], then F is an interval valued
fuzzy implicative filter.
Theorem 3.13. Let F be an interval valued (∈,∈ ∨q)-fuzzy filter of L. The following are equivalent:
(i) F is an interval valued (∈,∈ ∨q)-fuzzy implicative filter;
(ii) µ˜F(x → z) ≥ rmin{µ˜F(x → (z′ → z)), [0.5, 0.5]}, for all x, z ∈ L;
(iii) µ˜F(x → z) ≥ rmin{µ˜F(y → (x → (z′ → z))), µ˜F(y), [0.5, 0.5]}, for all x, y, z ∈ L.
Proof. (i)H⇒(ii) Assume that F is an interval valued (∈,∈ ∨q)-fuzzy implicative filter of L. Putting y = z in (F11), we have
µ˜F(x → z) ≥ rmin{µ˜F(x → (z′ → z)), µ˜F(z → z), [0.5, 0.5]}
= rmin{µ˜F(x → (z′ → z)), µ˜F(1), [0.5, 0.5]}
= rmin{µ˜F(x → (z′ → z)), [0.5, 0.5]}.
Thus, (ii) holds.
(ii)H⇒ (iii) For any x, y, z ∈ L, by Theorem 3.2 (F4), we have
µ˜F(x → (z′ → z)) ≥ rmin{µ˜F(y → (x → (z′ → z))), µ˜F(y), [0.5, 0.5]}.
Using (ii), we obtain
µ˜F(x → z) ≥ rmin{µ˜F(x → (z′ → z)), [0.5, 0.5]}
≥ rmin{µ˜F(y → (x → (z′ → z))), µ˜F(y), [0.5, 0.5]},
which proves (iii).
(iii)H⇒(i) Let F be an interval valued (∈,∈ ∨q)-fuzzy filter of L satisfying the condition (iii). Then, for all x, y, z ∈ L, we
have
µ˜F(x z′ → z) ≥ rmin{µ˜F(x z′ → y), µ˜F(y → z), [0.5, 0.5]}.
That is,
µ˜F(x → (z′ → z)) ≥ rmin{µ˜F(x → (z′ → y)), µ˜F(y → z), [0.5, 0.5]}.
Putting y = 1 in (iii), we get
µ˜F(x → z) ≥ rmin{µ˜F(1→ (x → (z′ → z))), µ˜F(1), [0.5, 0.5]}
= rmin{µF(x → (z′ → z)), [0.5, 0.5]}
≥ rmin{µ˜F(x → (z′ → y)), µ˜F(y → z), [0.5, 0.5]}.
This shows that (F11) holds. Thus, F is an interval valued (∈,∈ ∨q)-fuzzy implicative filter of L. 
Next, we investigate the relation between interval valued (∈,∈ ∨q)-fuzzy implicative filters and interval valued (∈,∈
∨q)-fuzzy Boolean filters.
Theorem 3.14. An interval valued fuzzy set of L is an interval valued (∈,∈ ∨q)-fuzzy implicative filter of L if and only if it is an
interval valued (∈,∈ ∨q)-fuzzy Boolean filter of L.
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Proof. Suppose that F is an interval valued (∈,∈ ∨q)-fuzzy Boolean filter of L. Then, for all x, y, z ∈ L,
µ˜F(x → z) ≥ rmin{µ˜F((z ∨ z′) → (x → z)), µ˜F(z ∨ z′), [0.5, 0.5]}
≥ rmin{µ˜F((z ∨ z′) → (x → z)), [0.5, 0.5]}.
Since
(z ∨ z′) → (x → z) = (z → (x → z)) ∧ (z′ → (x → z))
= z′ → (x → z)
= x → (z′ → z),
it follows that
µ˜F(x → z) ≥ rmin{µ˜F(x → (z′ → z)), [0.5, 0.5]}.
By Theorem 3.13(ii), F is an interval valued (∈,∈ ∨q)-fuzzy implicative filter of L.
Conversely, let F be an interval valued (∈,∈ ∨q)-fuzzy implicative filter of L. Then we consider the following two cases:
Case (i) µ˜F(1) < [0.5, 0.5].
By Remark 3.12(ii), F is an interval valued fuzzy implicative filter of L. It follows from Theorem 2.8 that F is an interval
valued fuzzy Boolean filter of L. Thus, F is an interval valued (∈,∈ ∨q)-fuzzy Boolean filter of L.
Case (ii) µ˜F(1) ≥ [0.5, 0.5].
From Theorem 3.13(ii), we have
µ˜F((x
′ → x) → x) ≥ rmin{µ˜F((x′ → x) → (x′ → x)), [0.5, 0.5]}
= rmin{µ˜F(1), [0.5, 0.5]}
= [0.5, 0.5]
and
µ˜F((x → x′) → x′) ≥ rmin{µ˜F((x → x′) → (x′′ → x)), [0.5, 0.5]}
= rmin{µ˜F((x → x′) → (x → x′)), [0.5, 0.5]}
= rmin{µ˜F(1), [0.5, 0.5]}
= [0.5, 0.5].
Thus,
µ˜F(x ∨ x′) = rmin{µ˜F((x → x′) → x′), µ˜F((x′ → x) → x)}
≥ rmin{[0.5, 0.5], [0.5, 0.5]}
= [0.5, 0.5].
Therefore, F is an interval valued (∈,∈ ∨q)-fuzzy Boolean filter of L. 
From the above discussion, interval valued (∈,∈ ∨q)-fuzzy implicative filters are equivalent to interval valued (∈,∈ ∨q)-
fuzzy Boolean filters in BL-algebras.
Now, we continue to study the characterizations of interval valued (∈,∈ ∨q)-fuzzy Boolean (implicative) filters.
Theorem 3.15. Let F be an interval valued (∈,∈ ∨q)-fuzzy filter of L. Then the following are equivalent:
(i) F is an interval valued (∈,∈ ∨q)-fuzzy Boolean (implicative) filter;
(ii) µ˜F(x) ≥ rmin{µ˜F(x′ → x), [0.5, 0.5]}, for all x ∈ L;
(iii) µ˜F(x) ≥ rmin{µ˜F((x → y) → x), [0.5, 0.5]}, for all x, y ∈ L;
(iv) µ˜F(x) ≥ rmin{µ˜F(z → ((x → y) → x)), µ˜F(z)}, for all x, y, z ∈ L.
Proof. (i)H⇒ (ii) From Theorem 3.13(ii), we have
µ˜F(x) = µ˜F(1→ x) ≥ rmin{µ˜F(1→ (x′ → x)), [0.5, 0.5]}
= rmin{µ˜F(x′ → x), [0.5, 0.5]},
which proves (ii).
(ii)H⇒ (iii) Since x′ ≤ x → y, we have (x → y) → x ≤ x′ → x. Since F is an interval valued (∈,∈ ∨q)-fuzzy filter of L, then
µ˜F(x′ → x) ≥ rmin{µ˜F((x → y) → x), [0.5, 0.5]}. Thus, from (ii), we have
µ˜F(x) ≥ rmin{µ˜F(x′ → x), [0.5, 0.5]}
≥ rmin{µ˜F((x → y) → x), [0.5, 0.5]}.
Hence (ii) holds.
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(iii)H⇒ (iv) Since F is an interval valued (∈,∈ ∨q)-fuzzy filter of L, then we have
µ˜F((x → y) → x) ≥ rmin{µ˜F(z → ((x → y) → x)), µ˜F(z), [0.5, 0.5]}.
It follows from (ii) that
µ˜F(x) ≥ rmin{µ˜F((x → y) → x), [0.5, 0.5]}
≥ rmin{µ˜F(z → ((x → y) → x)), µ˜F(z), [0.5, 0.5]}.
Thus, (iv) holds.
(iv)H⇒(i) Since z ≤ x → z, we have (x → z)′ ≤ z′ and z′ → (x → z) ≤ (x → z)′ → (x → z). Thus,
µ˜F((x → z)′ → (x → z)) ≥ rmin{µ˜F(z′ → (x → z)), [0.5, 0.5]}.
It follows from (iv) that
µ˜F(x → z) ≥ rmin{µ˜F(1→ (((x → z) → 0) → (x → z))), µ˜F(1), [0.5, 0.5]}
= rmin{µ˜F((x → z)′ → (x → z)), [0.5, 0.5]}
≥ rmin{µ˜F(z′ → (x → z)), [0.5, 0.5]}.
Thus, by Theorem 3.13(ii), F is an interval valued (∈,∈ ∨q)-fuzzy Boolean (implicative) filter of L. 
4. Interval valued (∈,∈ ∨q)-fuzzy positive implicative filters
In this section, we introduce the concept of interval valued (∈,∈ ∨q)-fuzzy positive implicative filters in BL-algebras and
investigate some of their properties.
Definition 4.1. An interval valued (∈,∈ ∨q)-fuzzy filter of L is called an interval valued (∈,∈ ∨q)-fuzzy positive implicative
filter of L if it satisfies:
(F12) µ˜F(x → z) ≥ rmin{µ˜F(x → (y → z)), µ˜F(x → y), [0.5, 0.5]}, for all x, y, z ∈ L.
The following example shows that interval valued (∈,∈ ∨q)-fuzzy positive implicative filters exist.
Example 4.2. Let L = {0, a, b, 1} be a chain with Cayley table as follows:
 0 a b 1
0 0 0 0 0
a 0 a a a
b 0 a b b
1 0 a b 1
→ 0 a b 1
0 1 1 1 1
a 0 1 1 1
b 0 a 1 1
1 0 a b 1
Define ∧ and ∨ operations on L as min and max, respectively. Then (L,∧,∨,,→, 0, 1) is a BL-algebra. Define an interval
valued fuzzy set F in L by µ˜F(1) = [0.7, 0.8], µ˜F(0) = µ˜F(b) = µ˜F(a) = [0.3, 0.4]. One can easily verify that F is an interval
valued (∈,∈ ∨q)-fuzzy positive implicative filter of L.
By their level positive implicative filters of BL-algebras, we characterize interval valued (∈,∈ ∨q)-fuzzy positive
implicative filters as follows:
Theorem 4.3. Let F be an interval valued (∈,∈ ∨q)-fuzzy positive implicative filter of L. Then for all [0, 0] < t˜ ≤ [0.5, 0.5],
U(F; t˜) is an empty set or a positive implicative filter of L. Conversely, if F is an interval valued fuzzy set of L such that U(F; t˜)(6= ∅)
is a positive implicative filter of L for all [0, 0] < t˜ ≤ [0.5, 0.5], then F is an interval valued (∈,∈ ∨q)-fuzzy positive implicative
filter of L.
Proof. Let F be an interval valued (∈,∈ ∨q)-fuzzy positive implicative filter of L and [0, 0] < t˜ ≤ [0.5, 0.5]. By Lemma3.7,we
know that U(F; t˜) is a filter of L. If x → (y → z) ∈ U(F; t˜) and x → y ∈ U(F; t˜), then µ˜F(x → (y → z)) ≥ t˜ and µ˜F(x → y) ≥ t˜.
Using (F12), it follows that µ˜F(x → z) ≥ rmin{µ˜F(x → (y → z)), µ˜F(x → y), [0.5, 0.5]} ≥ rmin{˜t, [0.5, 0.5]} = t˜, that is,
x → z ∈ U(F; t˜). Thus, U(F; t˜) is a positive implicative filter of L.
Conversely, let F be an interval valued fuzzy set of L such that U(F; t˜)(6= ∅) is a positive implicative filter of L for all
[0, 0] < t˜ ≤ [0.5, 0.5]. Then by Lemma 3.7, we know that F is an interval valued (∈,∈ ∨q)-fuzzy filter of L. For every
x, y, z ∈ L, we can write
µ˜F(x → (y → z)) ≥ rmin{µ˜F(x → (y → z)), µ˜F(x → y), [0.5, 0.5]} = t˜0,
µ˜F(x → y) ≥ rmin{µ˜F(x → (y → z)), µ˜F(x → y), [0.5, 0.5]} = t˜0,
then x → (y → z) ∈ U(F; t˜0) and x → y ∈ U(F; t˜0). Since U(F; t˜) is a positive implicative filter of L, we have x → z ∈ U(F; t˜0).
Thus
µ˜F(x → z) ≥ t˜0 = rmin{µ˜F(x → (y → z)), µ˜F(x → y), [0.5, 0.5]}.
Therefore, F is an interval valued (∈,∈ ∨q)-fuzzy positive implicative filter of L. 
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Naturally, a corresponding result should be considered when U(F; t˜) is a positive implicative filter of L for all [0.5, 0.5] <
t˜ ≤ [1, 1].
Theorem 4.4. Let F be an interval valued fuzzy set of L. Then U(F; t˜)(6= ∅) is a positive implicative filter of L for all [0.5, 0.5] <
t˜ ≤ [1, 1] if and only if for all x, y ∈ L,
(F8) rmax{µ˜F(x y), [0.5, 0.5]} ≥ rmin{µ˜F(x), µ˜F(y)};
(F9) rmax{µ˜F(y), [0.5, 0.5]} ≥ µ˜F(x) with x ≤ y;
(F13) rmax{µ˜F(x → z), [0.5, 0.5]} ≥ rmin{µ˜F(x → (y → z)), µ˜F(x → y)}.
Proof. Assume that U(F; t˜)(6= ∅) is a positive implicative filter of L. it follows from Lemma 3.9 that (F8) and (F9) hold. If
there exist x, y, z ∈ L such that rmax{µ˜F(x → z), [0.5, 0.5]} < rmin{µ˜F(x → (y → z)), µ˜F(x → y), [0.5, 0.5]} = t˜, then
[0.5, 0.5] < t˜ ≤ [1, 1], µ˜F(x → z) < t˜ and x → (y → z), x → y ∈ U(F; t˜). Since U(F; t˜) is a positive implicative filter of L,
then x → z ∈ U(F; t˜), and so µ˜F(x → z) ≥ t˜, which is a contradiction. Hence (F13) holds.
Conversely, suppose that the conditions (F8), (F9) and (F13) hold. It follows from Lemma 3.9 that U(F; t˜) is a filter of L.
Assume that [0.5, 0.5] < t˜ ≤ [1, 1], x → (y → z), x → y ∈ U(F; t˜), then
[0.5, 0.5] < t˜ ≤ rmin{µ˜F(x → (y → z)), µ˜F(x → y)}
≤ rmax{µ˜F(x → z), [0.5, 0.5]} = µ˜F(x → z),
which implies, x → z ∈ U(F; t˜). Thus U(F; t˜) is a positive implicative filter of L. 
In [30], Yuan et al. gave the definition of a fuzzy subgroup with thresholds which is a generalization of Rosenfeld’s
fuzzy subgroup, and Bhakat and Das’s fuzzy subgroup. Based on [30], we can extend the concept of a fuzzy subgroup with
thresholds to the concept of a fuzzy positive implicative filter with thresholds in the following way:
Definition 4.5. Let α˜, β˜ ∈ D[0, 1] with α˜ < β˜. Then an interval valued fuzzy set F of L is called an interval valued fuzzy
positive implicative filter with thresholds (α˜, β˜] of L if for all x, y ∈ L,
(F14) rmax{µ˜F(x y), α˜} ≥ rmin{µ˜F(x), µ˜F(y), β˜},
(F15) rmax{µ˜F(y), α˜} ≥ rmin{µ˜F(x), β˜}with x ≤ y.
(F16) rmax{µ˜F(x → z), α˜} ≥ rmin{µ˜F(x → (y → z)), µ˜F(x → y), β˜}.
Now, we characterize interval valued fuzzy positive implicative filters with thresholds by their level positive implicative
filters.
Theorem 4.6. An interval valued fuzzy set F of L is an interval valued fuzzy positive implicative filter with thresholds (α˜, β˜] of L
if and only if U(F; t˜)(6= ∅) is a positive implicative filter of L for all α˜ < t˜ ≤ β˜.
Proof. The proof is similar to the proof of Theorems 4.3 and 4.4. 
Next, we discuss some properties of interval valued (∈,∈ ∨q)-fuzzy positive implicative filters in BL-algebras.
Theorem 4.7. Let F be an interval valued (∈,∈ ∨q)-fuzzy filter of L. Then the following are equivalent:
(i) F is an interval valued (∈,∈ ∨q)-fuzzy positive implicative filter;
(ii) µ˜F(x → y) ≥ rmin{µ˜F(x → (x → y)), [0.5, 0.5]}, for all x, y ∈ L;
(iii) µ˜F((x → y) → (x → z)) ≥ rmin{µ˜F(x → (y → z)), [0.5, 0.5]}, for all x, y, z ∈ L;
(iv) µ˜F((x ∧ y) → z) ≥ rmin{µ˜F((x y) → z), [0.5, 0.5]}, for all x, y, z ∈ L.
Proof. (i)H⇒ (ii) Assume that F is an interval valued (∈,∈ ∨q)-fuzzy positive implicative filter of L. Then from (F12), we
have
µ˜F(x → y) ≥ rmin{µ˜F(x → (x → y)), µ˜F(x → x), [0.5, 0.5]}
= rmin{µ˜F(x → (x → y)), µ˜F(1), [0.5, 0.5]}
= rmin{µ˜F(x → (x → y)), [0.5, 0.5]}.
Thus (ii) holds.
(ii)H⇒ (i) Since F is an interval valued (∈,∈ ∨q)-fuzzy filter of L. Then, for all x, y, z ∈ L,
µ˜F(x → (x → z)) ≥ rmin{µ˜F(x → (y → z)), µ˜F(x → y), [0.5, 0.5]}.
By (ii), we have
µ˜F(x → z) ≥ rmin{µ˜F(x → (x → z)), [0.5, 0.5]}
≥ rmin{µ˜F(x → (y → z)), µ˜F(x → y), [0.5, 0.5]},
which proves (F12). Thus F is an interval valued (∈,∈ ∨q)-fuzzy positive implicative filter of L.
(i)H⇒ (iii) Let F be an interval valued (∈,∈ ∨q)-fuzzy positive implicative filter of L. Then, for all x, y, z ∈ L,
µ˜F(x → ((x → y) → z)) ≥ rmin{µ˜F(x → ((y → z) → ((x → y) → z))), µ˜F(x → (y → z)), [0.5, 0.5]}.
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Since x → ((x → y) → z) = (x → y) → (x → z) and
x → ((y → z) → ((x → y) → z)) = (y → z) → (x → ((x → y) → z))
= (y → z) → ((x → y) → z) = 1,
it follows that
µ˜F((x → y) → (x → z)) = µ˜F(x → ((x → y) → z))
≥ rmin{µ˜F(1), µ˜F(x → (y → z)), [0.5, 0.5]}
= rmin{µ˜F(x → (y → z)), [0.5, 0.5]}.
Thus (iii) holds.
(iii)H⇒ (iv) Since (x y) → z = x → (y → z) and (x ∧ y) → z = (x (x → y)) → z = (x → y) → (x → z),
we have
µ˜F((x ∧ y) → z) = µ˜F((x → y) → (x → z))
≥ rmin{µ˜F(x → (y → z)), [0.5, 0.5]}
= rmin{µF((x y) → z), [0.5, 0.5]}.
Thus (iv) holds.
(iv)H⇒(i) Since F is an interval valued (∈,∈ ∨q)-fuzzy filter of L, then, for all x, y, z ∈ L,
µ˜F(x → (x → z)) ≥ rmin{µ˜F(x → (y → z)), µ˜F(x → y), [0.5, 0.5]}.
Since x → (x → z) = x x → z, it follows from (iv) that
µ˜F(x → z) = µ˜F((x ∧ x) → z)
≥ rmin{µ˜F((x x) → z), [0.5, 0.5]}
= rmin{µ˜F(x → (x → z)), [0.5, 0.5]}
≥ rmin{µ˜F(x → (y → z)), µ˜F(x → y), [0.5, 0.5]},
which proves (F12). Thus F is an interval valued (∈,∈ ∨q)-fuzzy positive implicative filter of L. 
The relation between interval valued (∈,∈ ∨q)-fuzzy Boolean (implicative) filters and interval valued (∈,∈ ∨q)-fuzzy
positive implicative filters is as follows:
Theorem 4.8. Each interval valued (∈,∈ ∨q)-fuzzy Boolean (implicative) filter is an interval valued (∈,∈ ∨q)-fuzzy positive
implicative filter; the converse may not be true.
Proof. Let F be an interval valued (∈,∈ ∨q)-fuzzy Boolean(implicative) filter of L. Then, for all x, y, z ∈ L, we have
µ˜F(x → z) ≥ rmin{µ˜F((x ∨ x′) → (x → z)), µ˜F(x ∨ x′), [0.5, 0.5]}
= rmin{µ˜F((x ∨ x′) → (x → z)), µ˜F(1), [0.5, 0.5]}
= rmin{µ˜F((x ∨ x′) → (x → z)), [0.5, 0.5]}.
Since
(x ∨ x′) → (x → z) = (x → (x → z)) ∧ (x′ → (x → z))
= x → (x → z),
we have
µ˜F(x → z) ≥ rmin{µ˜F(x → (x → z)), [0.5, 0.5]}.
It follows from Theorem 4.7 that F is an interval valued (∈,∈ ∨q)-fuzzy positive implicative filter of L.
The last part is shown by Example 4.2. We know that F is an interval valued (∈,∈ ∨q)-fuzzy positive implicative filter of
L, but F is not an interval valued (∈,∈ ∨q)-fuzzy Boolean(implicative) filter of L, because
µ˜F(a ∨ a′) = µ˜F(a) = [0.3, 0.4] < [0.5, 0.5]. 
5. Interval valued (∈,∈ ∨q)-fuzzy fantastic filters
In this section, we introduce the concept of interval valued (∈,∈ ∨q)-fuzzy fantastic filters in BL-algebras and investigate
some of their properties.
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Definition 5.1. An interval valued (∈,∈ ∨q)-fuzzy filter of L is called an interval valued (∈,∈ ∨q)-fuzzy fantastic filter of L
if it satisfies:
(F17) µ˜F(((x → y) → y) → x) ≥ rmin{µ˜F(z → (y → x)), µ˜F(z), [0.5, 0.5]}, for all x, y, z ∈ L.
The following example shows that interval valued (∈,∈ ∨q)-fuzzy fantastic filters exist.
Example 5.2. Let L = {0, a, b, 1} be a chain with Cayley table as follows:
 0 a b 1
0 0 0 0 0
a 0 0 0 a
b 0 0 a b
1 0 a b 1
→ 0 a b 1
0 1 1 1 1
a b 1 1 1
b a b 1 1
1 0 a b 1
Define ∧ and ∨ operations on L as min and max, respectively. Then (L,∧,∨,,→, 0, 1) is a BL-algebra. Define an interval
valued fuzzy set F in L by µ˜F(1) = [0.7, 0.8], µ˜F(0) = µ˜F(b) = µ˜F(a) = [0.3, 0.4]. One can easily verify that F is an interval
valued (∈,∈ ∨q)-fuzzy fantastic filter of L.
By their level fantastic filters of BL-algebras, we characterize interval valued (∈,∈ ∨q)-fuzzy fantastic filters as follows:
Theorem 5.3. Let F be an interval valued (∈,∈ ∨q)-fuzzy fantastic filter of L. Then for all [0, 0] < t˜ ≤ [0.5, 0.5], U(F; t˜) is an
empty set or a fantastic filter of L. Conversely, if F is an interval valued fuzzy set of L such that U(F; t˜)(6= ∅) is a fantastic filter of
L for all [0, 0] < t˜ ≤ [0.5, 0.5], then F is an interval valued (∈,∈ ∨q)-fuzzy fantastic filter of L.
Proof. The proof is similar to the proof of Theorem 4.3 and we omit the details. 
Naturally, a corresponding result should be considered when U(F; t˜) is a fantastic filter of L for all [0.5, 0.5] < t˜ ≤ [1, 1].
Theorem 5.4. Let F be an interval valued fuzzy set of L. Then U(F; t˜)(6= ∅) is a fantastic filter of L for all [0.5, 0.5] < t˜ ≤ [1, 1] if
and only if for all x, y, z ∈ L,
(F8) rmax{µ˜F(x y), [0.5, 0.5]} ≥ rmin{µ˜F(x), µ˜F(y)},
(F9) rmax{µ˜F(y), [0.5, 0.5]} ≥ µ˜F(x) with x ≤ y.
(F18) rmax{µ˜F(((x → y) → y) → x), [0.5, 0.5]} ≥ rmin{µ˜F(z → (y → x)), µ˜F(z)}.
Proof. The proof is similar to the proof of Theorem 4.3 and we omit the details. 
Definition 5.5. Let α˜, β˜ ∈ D[0, 1] with α˜ < β˜, then an interval valued fuzzy set F of L is called an interval valued fuzzy
fantastic filter with thresholds (α˜, β˜] of L if for all x, y ∈ L,
(F14) rmax{µ˜F(x y), α˜} ≥ rmin{µ˜F(x), µ˜F(y), β˜},
(F15) rmax{µ˜F(y), α˜} ≥ rmin{µ˜F(x), β˜}with x ≤ y.
(F19) rmax{µ˜F(((x → y) → y) → x), α˜} ≥ rmin{µ˜F(z → (y → x)), µ˜F(z), β˜}.
Now, we characterize interval valued fuzzy fantastic filters with thresholds by their level fantastic filters.
Theorem 5.6. An interval valued fuzzy set F of L is an interval valued fuzzy fantastic filter with thresholds (α˜, β˜] of L if and only
if U(F; t˜)(6= ∅) is a fantastic filter of L for all α˜ < t˜ ≤ β˜.
Proof. The proof is similar to the proof of Theorems 5.3 and 5.4. 
Next, we investigate some properties of interval valued (∈,∈ ∨q)-fuzzy fantastic filters in BL-algebras.
Theorem 5.7. Let F be an interval valued (∈,∈ ∨q)-fuzzy filter of L. Then F is an interval valued (∈,∈ ∨q)-fuzzy fantastic filter
of L if and only if it satisfies:
(F20) µ˜F(((x → y) → y) → x) ≥ rmin{µ˜F(y → x), [0.5, 0.5]}, for all x, y ∈ L.
Proof. Let F be an interval valued (∈,∈ ∨q)-fuzzy fantastic filter of L. Putting z = 1 in (F17), we get
µ˜F(((x → y) → y) → x) ≥ rmin{µ˜F(1→ (y → x)), µ˜F(1), [0.5, 0.5]}
= rmin{µ˜F(1→ (y → x)), [0.5, 0.5]}.
Thus (F20) holds.
Conversely, for any x, y, z ∈ L, since F is an interval valued (∈,∈ ∨q)-fuzzy filter of L, we have
µ˜F(y → x) ≥ rmin{µ˜F(z → (y → x)), µ˜F(z), [0.5, 0.5]}.
It follows from (F20) that
µ˜F(((x → y) → y) → x) ≥ rmin{µ˜F(y → x), [0.5, 0.5]}
≥ rmin{µ˜F(z → (y → x)), [0.5, 0.5]}.
Thus, F is an interval valued (∈,∈ ∨q)-fuzzy fantastic filter of L. 
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The relation between interval valued (∈,∈ ∨q)-fuzzy Boolean (implicative) filters and interval valued (∈,∈ ∨q)-fuzzy
fantastic filters is as follows:
Theorem 5.8. Each interval valued (∈,∈ ∨q)-fuzzy Boolean (implicative) filter is an interval valued (∈,∈ ∨q)-fuzzy fantastic
filter; the converse may not be true.
Proof. Let F be an interval valued (∈,∈ ∨q)-fuzzy Boolean(implicative) filter of L. Since x  ((x → y) → y) ≤ x, we have
x ≤ ((x → y) → y) → x, and so
(((x → y) → y) → x) → y ≤ x → y,
which implies
((((x → y) → y) → x) → y) → (((x → y) → y) → x) ≥ (x → y) → (((x → y) → y) → x)
= ((x → y) → y) → ((x → y) → x)
≥ y → x.
Hence,
µ˜F(((((x → y) → y) → x) → y) → (((x → y) → y) → x)) ≥ min{µ˜F(y → x), [0.5, 0.5]}.
It follows from Theorem 3.15 that
µ˜F(((x → y) → y) → x) ≥ rmin{µ˜F(((((x → y) → y) → x) → y) → (((x → y) → y) → x)), [0.5, 0.5]}
≥ rmin{µ˜F(y → x), [0.5, 0.5]}.
Thus, by Theorem 5.7, F is an interval valued (∈,∈ ∨q)-fuzzy fantastic filter of L.
The last part is shown by Example 5.2. We know that F is an interval valued (∈,∈ ∨q)-fuzzy fantastic filter of L, but F is
not an interval valued (∈,∈ ∨q)-fuzzy Boolean(implicative) filter of L, because
µ˜F(a ∨ a′) = µ˜F(b) = [0.3, 0.4] < [0.5, 0.5]. 
Finally, we discuss the relation among these generalized fuzzy filters in BL-algebras.
Theorem 5.9. An interval valued fuzzy set F of L is an interval valued (∈,∈ ∨q)-fuzzy Boolean (implicative) filter of L if and only
if it is both an interval valued (∈,∈ ∨q)-fuzzy positive implicative filter and an interval valued (∈,∈ ∨q)-fuzzy fantastic filter
of L.
Proof. Assume that F is an interval valued (∈,∈ ∨q)-fuzzy Boolean (implicative) filter of L. Then, by Theorems 4.8 and 5.8,
we know that F is both an interval valued (∈,∈ ∨q)-fuzzy positive implicative filter and an interval valued (∈,∈ ∨q)-fuzzy
fantastic filter of L.
Conversely, if F is both an interval valued (∈,∈ ∨q)-fuzzy positive implicative filter and an interval valued (∈,∈ ∨q)-
fuzzy fantastic filter of L. Since (x → y) → x ≤ (x → y) → ((x → y) → y), then
µ˜F((x → y) → ((x → y) → y)) ≥ rmin{µ˜F((x → y) → x), [0.5, 0.5]}.
Since F is an interval valued (∈,∈ ∨q)-fuzzy positive implicative of L, then, by Theorem 4.7(ii), we have
µ˜F((x → y) → y) ≥ rmin{µ˜F((x → y) → ((x → y) → y)), [0.5, 0.5]}.
Thus, we have
µ˜F((x → y) → y) ≥ rmin{µ˜F((x → y) → x), [0.5, 0.5]}. (∗)
On the other hand, since F is an interval valued (∈,∈ ∨q)-fuzzy fantastic filter of L, then, by Theorem 5.7, we have
µ˜F(((x → y) → y) → x) ≥ rmin{µ˜F(y → x), [0.5, 0.5]}.
Since (x → y) → x ≤ y → x, then
µ˜F(y → x) ≥ rmin{µ˜F((x → y) → x), [0.5, 0.5]}.
Thus, we have
µ˜F(((x → y) → y) → x) ≥ rmin{µ˜F((x → y) → x), [0.5, 0.5]}. (∗∗)
Hence, using (∗) and (∗∗), we get
µ˜F(x) ≥ rmin{µ˜F((x → y) → y), µ˜F(((x → y) → y) → x), [0.5, 0.5]}
≥ rmin{µ˜F((x → y) → x), [0.5, 0.5]}.
It follows from Theorem 3.15 that F is an interval valued (∈,∈ ∨q)-fuzzy Boolean (implicative) filter of L. 
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A BL-algebra L is called anMV-algebra if x′′ = x, or equivalently, (x → y) → y = (y → x) → x, for all x, y ∈ L. Summarizing
the above theorems, we have the following:
Corollary 5.10. Let F be an interval valued fuzzy set of an MV-algebra L. Then the following are equivalent:
(i) F is an interval valued (∈,∈ ∨q)-fuzzy filter;
(ii) F is an interval valued (∈,∈ ∨q)-fuzzy fantastic filter.
Corollary 5.11. Let F be an interval valued fuzzy set of a BL-algebra L. Then the following are equivalent:
(i) L is an MV-algebra;
(ii) F is an interval valued (∈,∈ ∨q)-fuzzy Boolean (implicative) filter;
(iii) F is an interval valued (∈,∈ ∨q)-fuzzy positive implicative filter.
6. Conclusions
In this paper, we introduced the notions of interval valued (∈,∈ ∨q)-fuzzy Boolean (implicative, positive implicative and
fantastic) filters in BL-algebras and investigated some related properties. It was proved that an interval valued (∈,∈ ∨q)-
fuzzy filter in BL-algebras is Boolean (implicative) if and only if it is both positive implicative and fantastic. The obtained
results can be applied to other logical algebraic structures.
In our future work, we will consider the interval valued (α,β)-fuzzy Boolean (implicative, positive implicative and
fantastic) filters of BL-algebras, where α,β is any one of ∈, q,∈ ∨q or ∈ ∧q. In the notions of an interval valued (α,β)-
fuzzy Boolean (implicative, positive implicative and fantastic) filter of BL-algebras, we can consider twelve different types of
such structures resulting from three choices ofα and four choices ofβ. But, in this report, we only discuss the (∈,∈ ∨q)-type.
We shall focus on other types and their relationships among them, and also consider these generalized rough fuzzy filters
of BL-algebras and other logical algebras.
Acknowledgements
The research was partially supported by a grant of the National Natural Science Foundation of China (60474022) and a
grant of the Key Science Foundation of Education Committee of Hubei Province, China (D200729003 and D20082903).
References
[1] P. Hájek, Metamathematics of Fuzzy Logic, Kluwer Academic Press, Dordrecht, 1998.
[2] C.C. Chang, Algebraic analysis of many valued logic, Trans. Amer. Math. Soc. 88 (1958) 467–490.
[3] Y. Xu, Lattice implication algebras, J. Southeast Jiaotong Univ. 1 (1993) 20–27.
[4] Y. Xu, K.Y. Qin, On fuzzy filters of lattice implication algebras, J. Fuzzy Math. 1 (1993) 251–260.
[5] G.J. Wang, MV-algebras, BL-algebras, R0-algebras and multiple-valued logic, Fuzzy Systems Math. 3 (2002) 1–5.
[6] G.J. Wang, Non-classical Mathematical Logic and Approximate Reasoning, Science Press, Beijing, 2000.
[7] G.J. Wang, On the logic foundation of fuzzy reasoning, Inform. Sci. 117 (1999) 47–88.
[8] E. Turunen, Mathematics Behind Fuzzy Logic, Physica-Verlag, 1999.
[9] E. Turunen, BL-algebras of basic fuzzy logic, Mathware Soft Comput. 6 (1999) 49–61.
[10] E. Turunen, S. Sessa, Local BL-algebras, Mult-Valued Logic. 6 (2001) 229–249.
[11] E. Turunen, Boolean deductive systems of BL-algebras, Arch. Math. Logic 40 (2001) 467–473.
[12] M. Haveshki, A.B. Saeid, E. Eslami, Some types of filters in BL-algebras, Soft. Comput. 10 (2006) 657–664.
[13] M. Kondo, W.A. Dudek, Filter theory of BL-algebras, Soft. Comput. 12 (2008) 419–423.
[14] L.A. Zadeh, Fuzzy sets, Inform. Control 8 (1965) 338–353.
[15] L. Liu, K. Li, Fuzzy filters of BL-algebras, Inform. Sci. 173 (2005) 141–154.
[16] L. Liu, K. Li, Fuzzy Boolean and positive implicative filters of BL-algebras, Fuzzy Sets and Systems 152 (2005) 333–348.
[17] X.H. Zhang, Y.B. Jun, M.I. Doh, On fuzzy filters and fuzzy ideals of BL-algebras, Fuzzy Systems Math. 3 (2006) 8–20.
[18] L.A. Zadeh, The concept of a linguistic variable and its application to approximate reason, Inform. Control 18 (1975) 199–249.
[19] R. Biswas, Rosenfeld’s fuzzy subgroups with interval valued membership functions, Fuzzy Sets and Systems 63 (1994) 87–90.
[20] S.K. Bhakat, (∈,∈ ∨q)-fuzzy normal, quasinormal and maximal subgroups, Fuzzy Sets and Systems 112 (2000) 299–312.
[21] S.K. Bhakat, P. Das, (∈,∈ ∨q)-fuzzy subgroups, Fuzzy Sets and Systems 80 (1996) 359–368.
[22] P.M. Pu, Y.M. Liu, Fuzzy topology I: Neighourhood structure of a fuzzy point and Moore-Smith convergence, J. Math. Anal. Appl. 76 (1980) 571–599.
[23] B. Davvaz, (∈,∈ ∨q)-fuzzy subnear-rings and ideals, Soft Computing 10 (2006) 206–211.
[24] J. Zhan, B. Davvaz, K.P. Shum, A new view of fuzzy hypernear-rings, Inform. Sci. 178 (2008) 425–438.
[25] X. Ma, J. Zhan, Y. Xu, Generalized fuzzy filters of BL-algebras, Appl. Math. J. Chinese Univ. B Sereies 22 (4) (2007) 490–496.
[26] A. Di Nola, G. Georegescu, A. Iorgulescu, Pseudo-BL algebras: Part I, Mult. Val. Logic 8 (5–6) (2002) 673–714.
[27] A. Di Nola, G. Georegescu, L. Leustean, Boolean products of BL-algebras, J. Math. Anal. Appl. 251 (2000) 106–131.
[28] A. Di Nola, L. Leustean, Compact representations of BL-algebras, University Aarhuy, BRICS Report Series, 2002.
[29] F. Esteva, L. Godo, Monoidal t-norm based logic: Towards a logic for left-continuous t-norms, Fuzzy Sets and Systems 124 (2001) 271–288.
[30] X.H. Yuan, C. Zhang, Y.H. Ren, Generalized fuzzy groups and many valued applications, Fuzzy Sets and Systems 138 (2003) 205–211.
